As noticed in 2006 by the author of the present article, the hypothetical crystal-described by crystallographer F. Laves (1932) for the first time and designated "Laves' graph of girth ten" by geometer H. S. M. Coxeter (1955)-is a unique crystal net sharing a remarkable symmetric property with the diamond crystal, thus deserving to be called the diamond twin although their shapes look quite a bit different at first sight. In this short note, we shall observe an interesting mutual relationship between them, expressed in terms of "building blocks" and "period lattices." This may give further justification to employ the word "twin." What is more, our discussion leads us to the notion of "orthogonally symmetric lattice," a generalization of irreducible root lattices. Figure 1: Diamond twin (the CG-image created by Kayo Sunada)
Introduction
The network structure of the diamond twin ( Fig. 1) , which was described by Fritz Laves [13] for the first time as a hypothetical crystal and rediscovered 1 We shall disregard the size of crystal nets and the physical character of atoms and atomic force since we are chiefly concerned with geometric properties. See [10] for the physical aspect of the diamond twin composed of carbon atoms. See also [5] , [14] , [15] , [17] for related matters.
2 See [9] for an interesting story concerning Laves' graph. 3 Regarding a crystal as a system of harmonic oscillators, we may define "energy per unit cell". We should note that it is different from energy in the physical sense (cf. [20] ). See [11] , [12] , [24] for the detail. 6. It has chirality; that is, it is non-superposable on its mirror image. As the first three properties tell us, Laves' graph has very big symmetry. Among them, Property 1 implies that the automorphism group is identified with a 3-dimensional crystallographic group, which, as usual in crystallography, describes macroscopic symmetry of the crystal. Its point group turns out to be the octahedral group, the group of rotations acting on the regular octahedron. Property 3 is most peculiar among all. It is truly amazing that such a big number of congruent decagonal rings may gather at each vertex in the same manner.
To justify the name "diamond twin" for Laves' graph, we look at the structure of the (cubic) diamond, a real crystal with very big microscopic symmetry. 4 Diamond is the standard realization of the maximal abelian covering graph of the dipole graph D 4 (the finite graph with two vertices joined by 4 parallel edges), and is a web of congruent hexagonal rings (called chair conformation; see the left of Fig. 4 ). Moreover, it has Properties 1, 2, 4, 5. The point group is the full octahedral group, the group of orthogonal transformations acting on the regular octahedron. 5 The number of hexagonal rings passing through each vertex is 12.
Figure 4: chair and boat conformations
What is more, a crystal having Properties 1, 2, 4 must be either diamond or Laves' graph (or its mirror image because of chirality) ( [22] ). In this sense, Laves' graph and diamond are very kinfolk as mathematical objects (a difference is that diamond has no chirality).
Here is one remark in order. The diamond twin does not belong to the family of crystal structures of the so-called diamond polytypes such as Lonsdaleite (named in honor of Kathleen Lonsdale and also called Hexagonal diamond, a rare stone of pure carbon discovered at Meteor Crater, Arizona, in 1967). Incidentally, Lonsdaleite-having much less symmetry than diamond-is structurally a web of two types of congruent hexagonal rings; one being in the chair conformation, and another being in the boat conformation (the right of Fig. 4) . A shape-similarity between diamond and Lonsdaleite is brought out when looking at the graphite-like realizations of those structures (see the lower figures in Fig. 5 ), 6 therefore if we stick to the apparent shape, not to symmetry enshrined inward, it might be better to call Lonsdaleite the twin of diamond, but we do not adopt this view. The aim of this note is, as a spin-off of the previous articles [22] and [25] , to reinforce the reason for the appellation "diamond twin," taking a look at the building blocks of the diamond crystal and its twin, which generate what we call orthogonally symmetric lattice, an interesting notion in its own right and a natural generalization of root lattices that appear in dense arrangements of balls in Euclidean space.
Building blocks of diamond and its twin
We shall briefly review some materials to explain the notion of building blocks associated with crystal nets.
A graph is represented by an ordered pair X = (V, E) of the set of vertices V and the set of all directed edges E. For an directed edge e, we denote by o(e) the origin, and by t(e) the terminus. The inversed edge of e is denoted by e. The set of directed edges with origin x ∈ V is denoted by E x ; i.e.,
The net associated with a d-dimensional crystal is not just an infinite graph realized in R d , but a graph with a translational action of a lattice (called "period lattice") 7 which becomes a finite graph when factored out. 8 The finite graph obtained by factoring out is called the quotient graph.
We let X = (V, E) be the abstract graph associated with a d-dimensional crystal with a period lattice L, and let X 0 = (V 0 , E 0 ) be the quotient graph. We assign a vector v(e) to each directed edge e in X 0 as follows. Choose a direct edge e in X which corresponds to e. Since e is a directed line segment in space (or plane), it represents a vector v(e) which does not depend upon the choice of e . Obviously v(e) = −v(e). Hence, a building block is nothing but a 1-cochain on X 0 with values in R d .
Put E x = v(E 0x ). The system of vectors {E x } x∈V 0 completely determines the original crystal net and its period lattice. In fact, we obtain the original crystal net by summing up vectors v(e i ) for all paths (e 1 , . . . , e n ) (e i ∈ E 0 ) on X 0 which start from a reference vertex. 9 As for the period lattice, we consider the homomorphism v :
is the 1st homology group of X 0 . Then the image v(H 1 (X 0 , Z)) coincides with the period lattice. Thus, the system {E x } x∈V 0 deserves to be called the building block of the crystal. 10 For later purposes, we make a remark: In the case that X is the maximal abelian covering graph of X 0 (thus d = rankH 1 (X 0 , Z)), one may take closed paths
comprise a basis of the period lattice, where [c i ] is the homology class represented by c i . Figure 6 illustrates the building block for the honeycomb lattice together with the quotient graph.
We shall now exhibit the building blocks for diamond and its twin in the coordinate space R 3 . To facilitate understanding, we use the cube as an auxiliary figure whose vertices are (1, 1, 1), ( 
where vectors in R 3 are represented by column vectors. The system {E A , E B , E C , E D } forms the building block for the diamond twin (see the upper diagrams of Fig. 7 ). Note that each of E A , E B , E C , E D comprises an equilateral triangle in a plane with barycenter o = (0, 0, 0).
In view of Fig. 7 , we have v(e 1 ) = t (−1, −1, 0), v(e 2 ) = t (0, 1, 1), v(e 3 ) = t (1, 0, −1) and v(f 1 ) = t (−1, 1, 0) , v(f 2 ) = t (0, 1, −1), v(f 3 ) = t (−1, 0, −1). As a basis of H 1 (X 0 , Z), one can take [c 1 ], [c 2 ], [c 3 ] where c 1 = (e 2 , f 1 , e 3 ), c 2 = (e 3 , f 2 , e 1 ), c 3 = (e 1 , f 3 , e 2 ). We then have
which comprise a Z-basis of the period lattice of the diamond twin.
We let L DT be the lattice generated by t (−1, 1, 1), t (1, 1, −1), t (−1, −1, −1) (hence 2L DT is the period lattice of the diamond twin). It is straightforward to check that Let X 0 be the graph with two vertices A, B joined by 4 parallel edges (see the lower figure in Fig. 8 ), and put
The system {E A , E B } forms the building block for diamond (see the upper diagrams of Fig. 8 ). Note that each of E A and E B comprises a regular tetrahedron with barycenter o. 11 In view of Fig. 8 , we have v(e 1 ) = t (−1, 1, 1), v(e 2 ) = t (1, −1, 1), v(e 3 ) = t (−1, −1, −1), v(e 4 ) = t (1, 1, −1). As a basis of H 1 (X 0 , Z), one can take [c 1 ], [c 2 ], [c 3 ] where c 1 = (e 1 , e 2 ), c 2 = (e 2 , e 3 ), c 3 = (e 3 , e 4 ). We then have
which comprise a Z-basis of the period lattice of diamond.
We let L D be the lattice generated by t (−1, 1, 0), t (1, 0, 1), t (−1, −1, 0) (hence 2L D is the period lattice of diamond). It is straightforward to check that So far, no relationship can be found between diamond and its twin. A mutual relation between them, though not a big deal, is observed only after considering the union E DT = E A ∪ E B ∪ E C ∪ E D for the diamond twin and the union E D = E A ∪ E B for diamond ( Fig. 9) , both of which are perhaps familiar to mathematicians and crystallographers (see Remark 2). The system E DT for the diamond twin generates the lattice L D since E DT ⊂ L D and contains a basis of L D . (Remember that 2L D is the period lattice for diamond, not for the diamond twin!). On the other hand, the system E D for diamond generates the lattice L DT since E D ⊂ L DT and contains a basis of L DT . Hence, passing from the building blocks to the period lattices, the role exchange between diamond and its twin occurs. Furthermore, if we denote by L * the dual (reciprocal) lattice of a lattice L ⊂ R d in general, 12 we have
Here we should note that { t (−1, 1, 0) , t (0, 1, −1), t (−1, 0, −1)} is a Z-basis of L D . What is peculiar is that L D and L DT are orthogonally symmetric lattices, the notion introduced in the next section which makes diamond and its twin distinct among all crystal structures (with one exception). Remark 1. Just for the sake of completeness, let us give a precise description of the network structure of the diamond twin. Put p 1 = (0, 1, 1), p 2 = (1, 0, −1), p 3 = (−1, −1, 0). The set of vertices V of the diamond twin is decomposed as
where we identify points and vectors in the usual manner. Note that V 0 , V 1 , V 2 , V 3 correspond to the vertices A, B, C, D in the quotient graph K 4 , respectively. The incidence relation of vertices is described as follows:
1. α ∈ V 0 and p i + β ∈ V i (i = 1, 2, 3) are joined by an edge if and only if α = β.
For example,
Moreover, both G(L DT ) and G(L D ) are the full octahedral group, which acts irreducibly on R 3 .
Having these examples in mind, we make the following definition. It is known that every irreducible root lattice is orthogonally symmetric. Indeed, the Weyl group, a subgroup of G(L) generated by reflections through hyperplanes associated to the roots, acts transitively on R(L) = K(L), and acts irreducibly on R d . Typical examples of irreducible root lattices are A d and D d (A 3 = D 3 ) in the usual notations for root systems, 13 where A d is the lattice in the orthogonal complement (1, . . . , 1 d+1 ) ⊥ in R d+1 defined by
and D d is defined as 13 The symbol D d should not confused with that for the dipole graph. Irreducible root lattices are classified into two infinite families of classical root lattices A d (d ≥ 1), D d (d ≥ 4) and the three exceptional lattices E6, E7, E8 (cf. [7] ). Another remarkable example of orthogonally symmetric lattices is the Leech lattice in R 24 discovered by John Leech in 1967 (cf. [16] ). Indeed, L D = D 3 , R(D 3 ) = E DT , and hence L D is orthogonally symmetric (actually this is a direct consequence of the elementary fact that the full octahedral group acts transitively on K(L D ) = E DT ). On the other hand, L DT (up to similarity) is not a root lattice, but yet orthogonally symmetric since the full octahedral group acts transitively on K(L DT ) = E D .
From the classification of finite subgroups of O(3) (cf. [18] ), it follows that, apart from L DT and L D , the standard lattice Z 3 (the primitive cubic lattice in crystallography) is the only remaining example ( Fig. 11 (2) ). Figure 11 (1) is related to the body-centered cubic lattice. Figure 11(3) , nothing but the root system A 3 , is formed by vertices of the cuboctahedron, one of thirteen Archimedean solids, which has something to do with one of the densest packings of equally sized spheres (called the hexagonal arrangement; Fig. 12 ), where the nodes (vertice) are located at center of equal spheres, and line segments (edges) indicate that two spheres located at their end points touch each other. 14 (ii) Let L be a lattice in R d such that K(L) generates L. For two vectors a and b in K(L) such that b = −a, the angle θ(a, b) between a and b satisfies
14 It was Kepler who speculated that the densest packing is attained by the hexagonal arrangement (Strena Seu de Nive Sexangula, 1611). His conjecture, considered the earliest statement on crystal structures, was confirmed by T. Hales in 1998 with the aid of a computer (prior to this, Gauss proved that the Kepler conjecture is true if restricted to lattice packings (Werke, III, 481-485). For d with 4 ≤ d ≤ 8 and d = 24, it is known that the densest lattice packing in R d is attained by the irreducible root lattices D4, D5, E6, E7, E8, and the Leech lattice, respectively (cf. [3] ). a, x a = cx (x ∈ R d ).
(
Explicitly c = 1 d α(L) 2 |K(L)|.
Indeed, letting e i (i = 1, . . . , d) be the standard basis, and applying (2) to x = e i , we find c = a∈K(L) a, e i 2 . Since d i=1 a, e i 2 = a 2 = α(L) 2 , we obtain dc = α(L) 2 |K(L)|.
